Abstract -In this paper, we present a theoretical analysis for obtaining the minimum Euclidean distance between two nonlinearly distorted OFDM (Orthogonal Frequency Division Multiplexing) signals. This analysis takes advantage of the Gaussian behavior of OFDM signals with a large number of subcarriers and is a key step to get the asymptotic gain of the optimum receiver. We consider both polar and Cartesian memoryless nonlinearities, showing that in general the optimum performance of nonlinear OFDM is better than linear OFDM.
I. INTRODUCTION
OFDM (Orthogonal Frequency Division Multiplexing) modulations [1] are widely implemented in several broadband wireless communications systems such as the DVB (Digital Video Broadcasting) [2] and the LTE (Long Term Evolution) [3] . The facility to deal with severely time-dispersive channels and the high spectral efficiency are the main advantages of these schemes. However, due to their multicarrier nature, OFDM signals have strong envelope fluctuations which complicates the amplification process. For this reason, it is important to reduce the envelope fluctuations of OFDM signals to simplify the power amplification and/or improve the energy efficiency. Between the wide range of techniques to reduce the envelope fluctuations of OFDM signals that can be found in the literature, the most consensual and simple involves the use of memoryless nonlinearities [4] [5] that can be either polar (bandpass) nonlinearities [6] [7] or Cartesian (I-Q) nonlinearities [7] [8] [9] . To obtain a better amplification efficiency an alternative is to allow a given nonlinear amplifier to work in the saturation region. In both cases, there will be nonlinear distortion effects at the transmitter output.
It is well known that OFDM signals have a Gaussianlike nature and after being subjected to a nonlinear device they can be decomposed in two uncorrelated components: a scaled replica of the input signal and a term that represents 1 the distortion effects introduced by the nonlinearity [10] . The conventional OFDM receivers consider the nonlinear distortion as additive noise that affect the transmitted signals. However, the nonlinear distortion has information on the transmitted signals that can be used to improve the performance [11] . To take full advantage of this information an optimum receiver must be considered [12] . Recently, it was observed that the performance of nonlinear OFDM can be better than the performance of linear OFDM, even with reduced-complexity sub-optimum receivers [12] , [13] . Given these results, an important issue is to find the achievable performance of optimum receivers that deal with nonlinearly distorted OFDM signals. In this paper we try to answer this question by taking advantage of the Gaussian nature of OFDM signals for modeling purposes and presenting an analytical model to obtain the minimum Euclidean distance between signals that are subjected to different type of nonlinearities. The Euclidean distance is then used to obtain the asymptotic gain of nonlinear OFDM schemes relatively to linear ones. Throughout this paper we will employ the following conventions: bold letters denote matrices or vectors and italic letters denote scalars. Capital letters are associated to the frequency domain and small letters are associated to the time domain. x I and x Q denote the real and the imaginary part of x, respectively. ||X|| denotes the Euclidean norm of the vector X and (·) T denote the transpose operator. The PDF (Probability Density Function) of the random variable x is denoted as p(x) and E[·] denotes expectation.
II. OFDM SIGNALS
In this section we will introduce a nonlinear OFDM transmitter as well as characterize the signals along its transmission chain. In Fig. 1 is depicted the considered transmission scenario. The input signal is composed by N data symbols that are selected from a QPSK constellation, plus (M − 1)N idle subcarriers at the useful band edges, where M represents the oversampling factor. A time-domain version of S is obtained by applying the DFT (Discrete Fourier Transform) to S, i.e.,
T ∈ C NM with F denoting the NM-point DFT matrix, where the (n,n )-th element is given by
The time-domain OFDM samples, s n = s n,I + js n,Q , are commonly modeled by a complex Gaussian random variable. This allows us to model both the real and the imaginary parts s n,Q and s n,I with a Gaussian random variable s ∼ N (μ, σ 2 ). The absolute values of the time-domain samples R n can be modeled by a Rayleigh-distributed random variable R ∼ Rayleigh(σ). By taking advantage of the Gaussian nature of the OFDM signals, the Bussgang Theorem [10] states that a nonlinearly distorted OFDM signal is given by
where α is a scaling factor given by
and
Regarding the frequency-domain, we have
where
NM is the frequencydomain version of the distortion term that can be modeled by a Gaussian variable with zero mean as shown in [5] .
III. MEMORYLESS NONLINEARITIES
In this section we will characterize two types of bandpass memoryless nonlinearities: the polar and the Cartesian nonlinearities. It is assumed that both are excited with a bandpass OFDM signal, but their behavior is characterized in terms of the complex envelopes at their input.
A. Cartesian Nonlinearities
These nonlinearities act separately on the real and imaginary parts of a given complex envelope. Both the in-phase and quadrature branches are characterized by the same nonlinear function g(·). The Cartesian nonlinearity considered in this work is an ideal clipping that is represented by the following function
where s M /σ is the value of the input and the output at saturation. As we are working with random signals, a low s M /σ means that the OFDM samples enter in the nonlinear region very often, which consequently means stronger nonlinear distortion effects.
B. Polar Nonlinearities
The polar memoryless nonlinearities are characterized by the AM-AM and AM-PM conversion functions (represented by A(R n ) and Θ(R n ), respectively). The output of these nonlinearities is given by
with θ n = arg(s n ) representing the original phase of the n-th input sample. In this work we will consider two polar nonlinearities: the Solid-State Power Amplifier (SSPA) [14] , characterized by
where p controls the smoothness between the linear region and the saturation and the Traveling Wave Tube Amplifier (TWTA) [15] , that has the following conversion functions
where s M is the input and output amplitude at saturation and θ M is the added phase.
IV. OPTIMUM ASYMPTOTIC PERFORMANCE
It is well known that the Bit Error Rate (BER) of a given communication system is closely related to the minimum Euclidean distance between the transmitted signals. The optimum receiver evaluates directly the Euclidean distance between the signals to choose the best estimate of the transmitted sequence. In this section we show the potential gains associated to the optimum detection of nonlinearly distorted signals. The main idea is that in the presence of nonlinear distortion effects, the ratio between the squared Euclidean distance and the average bit energy will be higher than in a linear transmission. To evaluate this ratio, let us start by considering the data sequence
μ . These two sequences are submitted to a bandpass memoryless nonlinearity to generate Y (2) and Y (1) . The potential gain of the optimum receiver is given by the ratio between the squared Euclidean distance with and without nonlinear distortion effects,
In Fig. 2 it is with μ depending essentially on the free distance of the code. However, we see that even in a coded OFDM scenario we can conclude that there are also potential performance improvements since the mean value of the gain increases linearly with μ, i.e., E[G] μ=m = mE [G] μ=1 (considering linear units).
V. THEORETICAL OPTIMUM ASYMPTOTIC PERFORMANCE
The main goal of this section is to make a theoretical characterization of the potential gains presented in the previous section. In order to do this, let us start by introduce the error
T ∈ C NM between two data sequences S (1) and S (2) . The data sequence S (2) can be written as
where the k-th element of E is given by
In the case of normalized QPSK constellations with S k = ±1 ± j we have d adj = 2 and δ k = 0 or δ k = π/2. Regarding the time-domain, the error term is represented by
T ∈ C NM , with the n-th element defined by
Let us model the absolute values of the error samples, |ε n | = Δ n , by the random variable Δ and the arguments, arg(ε n ) = φ n , by the random variable φ. Although we doesn't know the distribution of Δ, p(Δ), we know that
adj . The random variable φ has uniform distribution in [0 : 2π], i.e., p(φ) = 1 2π . In the next two subsections we present the theoretical expression of the Euclidean distance between two nonlinearly distorted signals y (2) and y (1) associated to the submission of s (2) and s (1) to the bandpass memoryless nonlinearities described in the subsections III-B and III-A.
A. Cartesian Nonlinearities
Let us consider a time-domain OFDM sample in its Cartesian form, s n = s n,I + js n,Q ,
and rewrite (12) as
Applying the IDFT to (10) and considering the last two equations, we have
n + ε n = s (1) n,I + ε n,I + j s (1) n,Q + ε n,Q , as is represented in the complex plane of Fig. 3 . At the nonlinearity output, we have
n and s (2) n and their Cartesian components.
y
(1) n = g s (1) n,I + jg s
and,
n,I + ε n,I + jg s (1) n,Q + ε n,Q .
Making a Taylor approximation of g(.) around s n,I and s n,Q , we may write
n ≈ g s (1) n,I + ε n,I g s
+ j g s (1) n,Q + ε n,Q g s
Defining the difference between two output samples as w n = y
n , we have
and its squared absolute value is approximately
By modeling the samples w n with the random variable w(Δ, s, φ), the Euclidean distance can be approximated by
As Δ and s are considered to be independent,
The average bit energy can be computed theoretically as Fig. 4 it is shown the asymptotic gain presented by the optimum receiver both theoretically considering equation (20) and by simulation using (9) . We consider different values of the in-band subcarriers and several clipping levels s M /σ. From the figure is clear that the expression is accurate, specially for high values of the inband subcarriers. This is explained due to the accuracy of the Taylor approximations that increase when high values of N are considered. When s M decreases, i.e., when we have strong nonlinear distortion effects, the gains are higher and can even reach a value around 6 dB for s M /σ = 0.25.
B. Polar Nonlinearities
Let us consider a time-domain OFDM sample in its polar form s n = R n exp(jθ n ).
Applying the IDFT to (10) and considering (12), we have
n exp(jθ
Due to the circular nature of s (1) and ε we can assume without loss of generality that θ (1) = 0, leading to n and s (2) n when θ
as is depicted in Fig. 5 . Defining Ψ n = θ (2) n − θ
(1) n , we have
where the approximation (a) is made with Taylor expansions that are quite accurate if R (1) Δ. The value of R (2) can be approximated by
At the nonlinearity output, we have y
n + Δ n cos(φ n ))). Let us now express the function that characterizes the nonlinear device in its Cartesian form as
Using a Taylor approximation, we can expand f I (R n + Δ n cos(φ n )) and f Q (R n +Δ n cos(φ n )) around R n . With these approximations, the nonlinearity output for s (2) n is
To obtain the Euclidean distance between y (2) and y (1) , we will start by evaluating the difference between, w n , that is given by
Recalling that sin(Ψ n ) ≈ Ψ n and cos(Ψ n ) ≈ 1 for low values of Ψ n (say Ψ n 1) and using (24), we have exp (
, which allows to rewrite (28) as
If we take the squared absolute value of (29), we may write
By modeling the samples w n with the random variable w(Δ, R, φ) we can approximate the Euclidean distance by
where the approximation (b) is valid for N 1. As R and φ are independent, we have
(32) The average bit energy is theoretically given by E b = we note that the theoretical expression is very accurate for the two nonlinearities. For a high number of subcarriers the error become lower than 0.2 dB since the Taylor approximations are more precise for high values of N . The bigger potential gains of the TWTA can be explained due to its stronger nonlinear distortion effects comparing to the SSPA with p = 1 which is a smooth nonlinearity.
VI. CONCLUSIONS
In this paper we studied the potential performance of a system that combines the use of an optimum receiver with nonlinear OFDM schemes by deriving a theoretical expression for the Euclidean distance between nonlinearly distorted OFDM signals. It is shown that this potential performance can be better than the performance of the traditional, linear OFDM schemes. The results were confirmed considering different type of nonlinearities. A future goal is to develop practical receivers that can harvest these potential gains.
